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It is well known that a compact convex subset C of a locally convex topolog- 
ical vector space is a simplex if and only if each point x of C admits a unique 
probability measure on the extreme points of C with barycenter X. An exact 
analog of this result is proved for a closed and bounded separable convex subset 
of a Banach space with the Radon-Nikod$n Property, and a weaker analog is 
proved in the nonseparable case. 
1. INTRODUCTION 
A Banach space E is said to have the Krein-Milman Property 
(KMP) if and only if each of the (norm) closed and bounded convex 
subsets of E is the (norm) closed convex hull of its extreme points. 
It follows from the Krein-Milman theorem that reflexive spaces have 
the KMP. It is known more generally that weakly compactly generated 
dual Banach spaces (in particular separable dual spaces) have the KMP 
[14, p. 5291. A natural line of questions is concerned with finding 
analogs to the integral representation refinements of the Krein- 
Milman theorem (for compact convex sets) due to Choquet and to 
Bishop and de Leeuw (see [15] or [l]) for closed and bounded convex 
subsets of Banach spaces with the KMP. 
A second class of Banach spaces, these for which a vector-valued 
version of the Radon-Nikodjrm theorem holds, has received periodic 
attention over the last forty years. Close connections between these 
spaces (which are said to have the RNP) and those with the KMP 
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have been recently established. Lindenstrauss showed that each 
Banach space with the RNP has the KMP (see [16, Theorem 21). It 
is not known if the converse is true, but Huff and Morris [9] have 
shown that if E is a dual Banach space and if E has the KMP, then E 
has the RNP. 
Because bounded E-valued martingales converge when E has the 
RNP [3], Banach spaces with the RNP are often easier to work with 
than those just assumed to have the KMP. In fact, using this martingale 
convergence result, Edgar [5] h as recently proved a noncompact 
version of the Choquet existence theorem for separable sets. The 
main result of this paper is the corresponding uniqueness result: 
THEOREM 1.1. Let C be a closed and bounded separable convex 
subset of a Banach space with the RNP. Then C is a simplex if and only if, 
for each a E C there is a unique probability measure TV such that p(ex C)= 1 
and Jc x dp(x) = a (as a Bochner integral). 
Appropriate definitions as well as statements of some of the known 
results used in the proof of Theorem 1.1 may be found in Section 2. 
Theorem 1 .l is proved in Section 3. The fourth section contains a 
nonseparable version of the uniqueness theorem and a discussion of 
the relationship between the dilation and Choquet orderings. 
2. PRELIMINARIES 
The following material will be used in the sequel. 
DEFINITION 2.1. Let E be a Banach space and (X, 9, p) a 
probzbility space. A function m: 9 -+ E is a measure if and only if 
mKh 4 = XL m(4) ( convergence in norm) whenever (A,),“=, is 
a disjoint sequence in F. The measure m is absolutely continuous 
with respect to ~1 if and only if m(A) = 0 whenever A E $ and 
p(A) = 0. 
NOTATION 2.2. For any topological space M, let g!(M) denote the 
Bore1 sigma-algebra generated by the open subsets of M. 
DEFINITION 2.3. A Banach space E is said to have the Radon- 
Nikodjm Property if and only if whenever (X, 9, p) is a probability 
space and m: 5 --t E is a measure in E, absolutely continuous with 
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respect to E.L and with bounded variation, then there is a function 
f: X -+ E which is 9 - a’(E) measurable such that m(A) = JA f dp 
(as a Bochner integral) for each A E 9. 
For an introductory discussion of the Bochner integral, see for 
example [8, Sect. 7.51. For a comprehensive account of Banach spaces 
with the RNP, see [4]. Chatterji has proved a useful equivalent of 
the RNP. 
THEOREM 2.4 (Chatterji [3]). Let E be a Banach space. Then E has 
the RNP ;f and only ;ft whenever (fn , Yfi)~zl is a martingale on a 
probability space (X, F, p) with values in a bounded subset of E, the 
limit f = lim f, exists [a.e. ~1. 
General information about vector-valued martingales and condi- 
tional expectations may be obtained from [3]. 
The following theorem is a refinement for separable E of Linden- 
Strauss’ result that if E has the RNP, then E has the KMP. (The 
notation “ex X” refers to the set of extreme points of C.) 
THEOREM 2.5 (Edgar [5]). Let C be a closed and bounded separable 
convex subset of a Banach space with the RNP. Then for each a E C 
there is a probability measure p on C such that p(ex C) = 1 and 
fc x dp(x) = a (as a Bochner integral). 
That ex C is p-measurable was first shown by Bourgin in [2, p. 3281. 
DEFINITION 2.6. A convex subset C of a vector space I’ over R 
is a simplex if and only if the cone in V x R with vertex 0 and base 
C x (1) induces a lattice ordering on the linear span of C x (I}. 
It should be remarked that a finite dimensional compact convex 
set is a simplex if and only if it is the convex hull of a finite set of 
affinely independent points [15, p. 751 so that Definition 2.6 is a 
generalization of the usual notion of a simplex. We will use the Riesz 
decomposition property for simplexes (see for example [15, p. 611). 
LEMMA 2.7. Let C be a simplex which lies in general position in the 
vector space V-that is, C lies in some hyperplane of V which misses 
the origin. Suppose that a, ,..., a, and b, ,..., b, are nonnegative multiples 
of points of C such that CF=, ai = xi=;1 b, . Then there are points Zij 
(i = I,..., n andj = l,..., K) each a nonnegative multiple of a point of C, 
such that ai = & .Q for each i and bi = & zii for each j. 
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This will be displayed in tabular form as: 
0, hl %2 -” %k 
NOTATION 2.8. For any complete metric space X let g(X) denote 
the collection of all tight probability measures on X (i.e., nonnegative 
regular Bore1 measures of total mass 1 which have a-compact support). 
The topology on P(X) is the vague (weak*) topology induced on it 
when it is considered as a subset (in the weak* topology) of the dual 
of the Banach space of continuous bounded real-valued functions on X. 
It is consistent with the Zermelo-Fraenkel axioms, including the axiom 
of choice, to assume that each probability measure on X (X a complete 
metric space) is tight (combine [12] and [lS]). When X is in addition 
separable, it is an exercise to show that all probability measures on X 
are automatically tight [7, Exercise 9.101. 
Let C be a closed and bounded convex subset of a Banach space E. 
We will deal with two natural partial orders on 9(C), the “dilation 
ordering” and the “Choquet ordering.” 
DEFINITION 2.9. The Choquet ordering < on P(C) is defined as 
follows: p1 < pa if and only if Jef dp, < Jc f dpz for each continuous, 
bounded, real-valued, convex function f on C. 
PROPOSITION 2.10. < is a partial order on Y(C). 
Proof. The only nontrivial assertion is antisymmetry: if pr < ps 
and p2 << p1 then pl = p2 . Suppose that both p1 << J.L~ and p2 < p1 . 
Let A C C be compact and convex. For each positive integer n define 
functions f, and gn on C by 
for each x G C. Then f, and g, are bounded, continuous, convex 
functions on C and lim(g, -f,) = x A , the characteristic function 
of A. Since pl(gn - f,) = &gn - f,) and I g,(x) - f,(x)I < 1 for 
each x in C we have pu,(A) = p.,(A). Thus p1 and p2 agree on compact 
convex sets. 
5sojz3/2-6 
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The remainder of the proof was simplified by R. R. Phelps. Let 
D C C be compact and 0 2 D open. Choose compact convex subsets 
B r ,..., B, of C such that 
D C u B, C 0. 
i=l 
Because p1 and pa agree on compact convex subsets of C, and in 
particular on all intersections of sets chosen from {B, ,..., B,J, it 
follows that && B,) = ~s(&r Bi). By regularity, pi(D) = &D) 
for all compact D _C C, whence p1 = pa . 
The dilation order is studied in [6]. We first define the term dilation. 
(The definition given here differs slightly from the one used in [6] but 
since the measures in question are tight, the order derived from this 
definition is the same as that derived from the definition in [6]. Indeed, 
if T is a dilation in the sense of [6] and p E 9(C), let B be the support 
of TV; then 
qx) = pw if x E B, 
(% otherwise, 
is a dilation in the sense defined here and T(p) = S(p).) 
DEFINITION 2.11. Let C be a closed and bounded convex subset 
of a Banach space E. A dilation on C is a function T: C -+ Y(C) 
such that T is g(C) - &?(B(C)) measurable and r(T(x)) = x for all 
x in C, where r: .9(C) -+ C is the resultant or barycenter map r(p) = 
Jc444 [Z P- 3261. 
DEFINITION 2.12. The dilation order ( on 9(C) is defined as 
follows: p1 < f~.~ if and only if there is a dilation T on C such that 
T&J = pLz , where T(pl) is the probability measure defined by 
%4(B) = .$- VW) 444 for B E 9(C). 
(Note: we are not assuming that T(p) E 9(C) for each TV E 9(C).) 
The main result we will use about the dilation order is the following 
equivalent formulation [6, Theorem 4.31. (Recall first that if (X, 9, y) 
is a probability space and f: X -+ C is F - S?(C) measurable, then 
f(r)(B) = df-W d e fi nes a Bore1 probability measure f (y) on C.) 
THEOREM 2.13. Let C be a closed and bounded cotzvex subset of a 
Banach space E, and let pl , ,u2 E P(C). Then pi < p2 if and only ;f 
there exist a probability space (X, 9, y), a sigma-algebra 9 C .F, and 
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two Bochner integrable functions fi , fi : X -+ C such that fi(y) = pl, 
fi(r) = CL~, and fi = E[f, I 31 (that is, J’Bfi dr = JBf2 dy for each 
B in 9). 
The fact that < is a partial order is proved in [6, Proposition 4.21. 
An alternate proof of the antisymmetry of the dilation order can be 
obtained by combining Proposition 2.10 with the following proposi- 
tion. 
PROPOSITION 2.14. If pi < p2 then p1 < pLz ,
Proof. Suppose ,FL~ < 11s o that there exist (X, 9, cc), 3, fi , and 
fi as in Theorem 2.13. If h is a bounded, continuous, real-valued, 
convex function on C then by Jensen’s inequality [13, p. 291, we have 
so that 
3. PROOF OF THEOREM 1.1 
Throughout this section the following notation will be used. 
(a) G = JJL, {O, l> is equipped with the product topology. 
(b) y is the product measure on L@(G) with factors which assign 
mass 4 to (O} and to (13. 
(c) =F- = {A x J-J:=“=,+, (0, 1): A C JJ& (0, l> is arbitrary}. 
Thus 9% is the “n-cylinder set” sigma-algebra. 
THEOREM 3.1. Let C be a closed and bounded convex subset of a 
Banach space E. If p ES@(C) th en there is a C-valued martingale 
(f, , K),“=1 on (G, g(G), Y) such that f,(y) --t p (weak*). 
Proof. We first show that there is a L%(G) - a(C) measurable 
function f : G -+ C such that f (y) = p. Since p has separable support 
it suffices to prove this when C is separable. The measure algebra 
M(y) of y is separable [17, p. 3211. By [17, Theorem 2, p. 3211 there 
is a a-isomorphism Q> of M(p) onto a subalgebra of M(y). By [17, 
Theorem 11, p. 3291 there is a set G, E L@(G) and a measurable 
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function f: GO + C such that r(G,) = 1 and f -l induces Qi. Extendf 
arbitrarily to a measurable function on G. Then 
fM4 = Kf-‘(4 = rev)) = 44 
for all A E g(C). Now define fn : G + C by f, = Elf ( AQ. Then 
[3, Theorem 31 we have fn -+ f [a.e. r] so f,(y) ---f p (weak*). This 
completes the proof. 
It is also possible to prove Theorem 3.1 in an entirely elementary 
(though long) fashion. 
PROPOSITION 3.2. Let C be a separable closed bounded convex subset 
of a Banach space E. If for every point a E C there is a unique p E 9(C) 
with r(p) = a and p(ex C) = 1 then C is a simplex. 
Proof. Since C is separable, we know that ex C is measurable for 
any p E 9(C) [2, p. 3281. N ow it is easy to check that Y(ex C) is a 
simplex. (Indeed, if pi , pa are nonnegative multiples of members of 
B(ex C), then 
The barycenter map r: B(ex C) -+ C is bijective on B(ex C) and 
affine, so C is also a simplex. 
THEOREM 3.3. Let C be a closed bounded convex subset of a Banach 
space E with the RNP. If C is a simplex then for each point a E C there 
is at most one p E 9(C) with r(p) = a which is maximal in the dilation 
order. 
Proof. Let B,(C) = (p E 9(C): r(p) = a]. It suffices to show that 
.9’,(C) is directed by <, since in that case any two maximal elements 
of Y’,(C) would be equal. 
Thus suppose pi, p2 Ebb. Let (fn,%)Zl and (g,, =%$L be 
C-valued martingales on (G, 9(G), y) as guaranteed by Theorem 3.1 
such that f%(y) -+ pi and g,(r) -+ t~s . Let f = lim fn and g = lim g, 
(which exist [a.e. r] by Theorem 2.4). 
We will construct a sequence of probability measures v, on fin x Fn 
together with a sequence of functions h, : G x G --f C such that for 
each n 
(1) I UT&+1 sr,xsn = vn ; 
(2) h, is 9n x F% - B’(C) measurable; 
NONCOMPACT SIMPLEXES 169 
(3) SAIXA, hn+l dv,,l = JA,~A, 4 dvn for 4 ,A, E =%i ;
(4) u,(A x G) = v,(G x A) = y(A) for A E: STn ; 
(5) .fGXA h, dv, = JAf& for A E E ; 
(6) JAXG h, dv, = JAg 4 for .A E & . 
Assume for now that such sequences v, and h, exist. For each A in 
the algebra Uf, sn x gn set ;(A) = +(A) for any k for which 
A E flk x Sk . Then ; is well defined by (1). A compactness argument 
shows that V is countably additive on U,“=, sn x Tm so by the Hahn 
extension theorem [7, p. 541 there is a unique u E S(G x G) such 
that v(A) = v,(A) whenever A E g% x %n . Statements (2) and (3) 
say that (h, , Fm x FJ is a C-valued martingale on( G x G, W( G x G), v). 
By Theorem 2.4, h = lim h, exists [a.e. v]. Moreover, by (5) we have 
so, h dv =s h,dv, = fdy CXA s A 
for all A E F% . Consequently 
/GxAhdy=~fdy for each A E g(G). 
A 
c**> 
There is a natural identification of the measure spaces (G x G, 
{ o , G} x g(G), V) and (G, B(G), y) since it follows from (4) that 
v(G x A) = y(A) for each A E g(G). Thus, with a slight abuse of 
notation, (**) may be written in the form 
-W/{@,Gl x a(G)1 =.f. 
By Theorem 2.13 it follows that pi = f(r) < h(v). Similarly pz = 
g(y) < h(v). This shows that g’,(C) is directed by <. 
It remains to construct the sequences vn and h, with properties 
(l)-(6). Let p, d enote the projection of G onto the first n factors 
nFE, (0, I> so that the atoms of sn are the sets p;‘(ii ,..., in) where 
iI, = 0 or 1, and the atoms of 9, x 9, are the sets p;‘(i, ,..., in) x 
~;‘(j, ,...,j,) h w ere & , j, = 0 or 1. Without loss of generality we 
may assume that C cF-l( 1) for some F E E*, F # 0, (since E x R 
has the RNP if E does). 
Now fi and g, are gl-measurable, so they depend only on the first 
coordinate of their argument. Since 
iifdo, --I + t-m -1 = c-2 = :gl(o, -1 + S&(1, -1 
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the Riesz decomposition lemma (Lemma 2.7) asserts the existence of 
elements z(;; j) (i, j = 0, 1) each a nonnegative multiple of a point 
of C such that, in tabular form 
~fm--> .A fi(L --> 
& g1(0, -1 40; 0) @; 1) 
3i!lU, --> 4; 0) z(1; 1). 
Define vr on the atoms of Sr x 9=r by 
and extend it to a measure on gI x 9r (also denoted by vr). Because 
c (z(i;j): i,j = 0, 1) = a E C and F(a) = 1 it follows that vr is a 
probability measure. Let h, : G x G + C be the function depending 
only on the first coordinate of each G-factor defined by 
Properties (2), (4), (5), and (6) are easy to check. For example, to 
verify (5) when A = pi’(j) E 9r , write 
= h,((O, --> x (5 -->> v~P;YO) x P;‘(j)) 
+ h,((l, --> x (.A -)I vlM1(l) x P;‘(j)) 
= z(o;j) + z(l;j) = 8fi(j, --> = I,fi 4 = j,f dr. 
Now suppose vr ,..., v, and h, ,..., h, have been constructed with 
properties (l)-(6). Let 
= hn((4 ,...I in , -3 x (j, ,..., in , -)) v,( I&‘(& ,..., GJ x P;‘(.& ,..., Az>) 
for ik ,j, = 0, 1. 
Then (5) becomes 
C{z(il ,..., in ; j, ,..., j,): ik = 0, l} = 2-=fn( j, ,..., j, , -). 
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Also 
qfn+, I %I = fn ) 
so 
2-“f,( jl ,..,, j, , -) = 2-(“+llf,+,(j, ,..., j, , o,-) + 2-(n+yn+l( j, ,..., j,,l,-) 
The Riesz decomposition lemma yields 
2-(““l~~,l(j,,...,j,,0,-) 2-(n+Vntl(jl ,..., in , 1, -1 
~(0 ,..., O;j, ,..., j,) w(0 ,..., 0; jl ,...,j, ,O) ~(0 ,... , O;jl ,..., j, , 1) 
z(l,..., l;j, ,... ,j,) w(l,..., 1; jl ,..., j, ,O) W(l)...) l;j, )..., j,, 1)s 
But then 
2-g,& )...) i, ) -) = c (z(i, )..., i, ;j, ,..., j,): j, = 0, I) 
= C I744 ,..., j, ;jl ,...,j, ,jndjk = 0, 11, 
and 
2-ngn(il ,..., i, , -) 
= 2-(n+1)gn+l(il ,..., i, , 0, -) + 2-(n+1)g,+l(il ) . . . . i, , 1, -) 
so the Riesz decomposition lemma may be applied once again to yield 
44 ,..., i, ; 0 ,..., 0) --- w(i, ,..., i, ; l,..., 1) 
2-(R+1)Bn+Ji1 ,..., in , 0) 44 )..., i, ) 0; 0 )...) 0) .*. 2(il )...) i, ) 0; I)...) 1) 
2-(n+1)gn+l(il ,..., i, , 1) 44 ,..., i, ) 1; 0 ,...) 0) *a* x(i, )..., i, ) 1; l,...) 1). 
Hence 
C{4il ,..., L+l ;jl ,..., jntl): j, = 0, 1} = 2-(“+1)g,+l(il ,..., i,.J 
Define v~.+~ on the atoms of %m+l x %m,l by 
Vn+d xGL& ,..., in+d X pXil ,...,jlztl)) = +(j, ,.-, j,,, ; jl ,...,js+l) 
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and extend vn+r to a measure on Fm+i x sm+i (again denoted by vn+i). 
Define h,+r : G x G -+ C as the function depending only on the 
first n + 1 coordinates of each G-factor given by 
h&+1((4 >‘..Y in+1 > -1 x (jl v*.,jn+1 9->> 
=;F((. I 
if .z(il ,..., in+r ;jr ,..., jn+r) = 0 
: 
z 21 ,...> &+1 911 ,...,j,+l))l-12.(~l >***3 in+1 ;j1 ,.*.,.L+J otherwise. 
Properties (l)-(6) may b e easily verified. As an example we check (1). 
It suffices to show that 
v,+,(p,‘(il ,...) i,) x p,“(j1 ,...,jn)) = %(P;ll@l 9-*.3 Q x A1(j1,...7in>>- 
But 
~,+~(pi% ,..., CJ x P;E*(jl ,...,.L>> 
= C CdPi34 ,.-., in , G+J x PL(jl ,.-.,j, A+& k+l ,jn+l = 0, 1) 
= CP(44 ,..., in, G+l ;A ,...,j, jn+d>: in+, ,jn+l = 0, 11 
= F(w(i, ,..., in ; jl ,..., jn , 0) + w(il ,..., i, ; jl ,..., jn , 1)) 
= W(i, ,..., in ; jl ,...,iJ) = v,(p;“(Z, ..., GJ x p;ll(jl ,...,jd 
and the proof of Theorem 3.3 is complete. 
A combination of the previous two results constitutes the proof of 
Theorem 1.1. 
Proof of Theorem 1.1. Suppose C is a simplex and let a E C. By 
Theorem 2.5 there is a measure TV E .9(C) with p(ex C) = 1 and 
r(p) = a. We claim that if p(ex C) = 1 then ,LL is <-maximal. Indeed, 
let T be a dilation. For x E ex C we have r( T(x)) = x so (exactly, as in 
[15, Proposition 1.41) we conclude T(x) = ca: . Thus for B E 3(C) it 
follows that 
so that T(p) = p, Thus, ~1 is maximal. By Theorem 3.3 there is at 
most one p E 9(C) with p(ex C) = 1 and r(p) = a. 
The converse is Proposition 3.2. 
4. THE NONSEPARABLE CASE; AND < = < ? 
In this section we prove a nonseparable analog of Theorem 1 .I 
which refers to “maximal measures” rather than to “measures on 
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ex C.” Also, the Choquet and dilation orders are compared. The 
results of this section rely more heavily on [6] than those of the 
remainder of the paper. 
The main result of [6] is the following 
THEOREM 4.1. Let C be a closed bounded convex subset of a Banach 
space with the RNP. Then for every a E C there is a <-maximal measure 
p E 9’(C) with r(p) = a. 
Notice that the RNP is not assumed for the next proposition. 
PROPOSITION 4.2. Let C be a closed bounded convex subset of a 
Banach space E. If f or every a E C there is a unique <-maximal p E 9(C) 
with r(t.~) = a then C is a simplex. 
Proof. Let 9 be the set of all maximal measures in 9(C). We 
first show that 9 is convex. Let p1 , pLz E 9, let 0 < t < 1, and let T 
be a dilation on C. Then for B E 99(C) we have 
VP~ + (1 - t)dB) = W4(B) + (1 - 0 W,)(B) 
= k(B) + (1 - t> Pm 
so that T( tt+ + (1 - t)p2) = tpl + (1 - t)p2. Hence tpl + (1 - t)p2 E k%?. 
We next claim that g is a simplex. Now g(C) is a simplex (it is 
possible to calculate pI v p2 exactly as in the proof of Proposition 3.2) 
so by [15, Lemma 9.41 it suffices to show that: if X E g’(C) and if p 
is a positive multiple of a member of 9 such that h(B) < p(B) for 
each B E g’(C) then h E .%‘. But [4, Theorem 5.11 states that there is a 
subset k(C) of g(C) (the “movable” Bore1 subsets of C) such that a 
measure h E g(C) is maximal if and only if X(A) = 0 for each 
A E k?(C). Since p(A) = 0 for each A E J(C) we conclude h(A) = 0 
for each A E J%(C), and hence X E 9 as desired. Thus W is a simplex. 
Since the resultant map r: .9$? + C is bijective by assumption, C is 
a simplex. 
Combining Theorem 3.3 with Propositions 4.1 and 4.2 we obtain 
our nonseparable uniqueness criterion, 
THEOREM 4.3. Let C be a closed bounded convex subset of a Banach 
space with the RNP. Then C is a simplex sf and only if, for every a E C 
there is a unique <-maximal t.~ E 9(C) with I&) = a. 
We turn next to a comparison of the orderings < and < (see 
Definitions 2.9 and 2.11). Proposition 2.14 asserts that if p1 < pcL$ then 
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p1 < pz , but it is not known whether the converse is true in general, 
even for separable sets C. We first consider a variation of the Choquet 
ordering. 
PROPOSITION 4.4. Let pI , pLz E Y(C). Then pI < pLz if and only ;f 
Sf 4, G Sf 4+ f or all weakly continuous bounded convex real-valued 
functions f on C. 
Proof. Since weakly continuous functions are norm continuous 
one direction is trivial. For the converse, suppose that Jf dpl < Sf dpz 
for each weakly continuous bounded convex real-valued function f 
and let h be a norm continuous bounded convex function. Assume 
that 0 < h ,< 1 and choose E > 0. There is a compact convex subset 
C’ of C with pl(C’) 2 1 - (c/2). Now 
{(x, a) E E x R: x E C, a > h(x)} 
is closed and convex, so for each y E C’ there is a (weakly!) continuous 
affine functional L, on E such that LJx) < h(x) for all x E C and 
L,(y) > h(y) - (~/2) by the separation theorem. By the compactness 
of C’ there is a supremium f of finitely many of the &,‘s, together with 
the identically 0 function, such that both f ( y) > h(y) - (~~‘2) for all 
y E C’ and 0 6 f < h on C. Also f is weakly continuous and convex, 
so .Lf 6 < Scf & . Hence 
But E was arbitrary. Consequently S h dt+ < J h dt+ . Therefore 
Pl <tLZ' 
We will show next that if C is weakly compact then the two 
orderings < and < coincide. 
PROPOSITION 4.5. Let C be a weakly compact convex set in a Banach 
space. Every probability measure p on the weak Baire sets of C can be 
uniquely extended to a tight measure p on the (norm) Bore1 sets of C. 
Proof. The set C in its weak topology is an Eberlein compact [l 1, 
Theorem 3.1, p. 2481, so the probability measure p has separable 
metrizable support A [l 1, Theorem 4.3, p. 2561. On A the weak Baire 
and weak Bore1 sets coincide. Since (in A) every norm open set is a 
countable union of closed balls, the weak Bore1 sets and the norm 
Bore1 sets coincide. Thus p(B) = p(A n B) for each norm Bore1 set B 
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of C defines a tight Bore1 measure on C which extends p. If v is 
another such extension then v and & must have the same support, and 
consequently v = p. 
This proposition shows that the set Y(C) can be identified with 
the set of probability measures on the weak Baire sets of the weakly 
compact set C. The usual topologies for these two spaces of measures 
are not in general the same, however. 
THEOREM 4.6. Let C be a weakly compact convex set in a Banach 
space and p, h E Y(C). Then p < h if and only ;f p < A. 
Proof. One direction is a special case of Proposition 2.14. Suppose 
then that p < A. Let C’ be a weakly compact convex separable (hence 
weakly metrizable) subset of C which contains the supports of p 
and A. If h is any convex bounded weakly continuous function on C’, 
by an argument like the one used in Proposition 4.4, it follows that 
for any E > 0 there is a weakly continuous convex function f on E 
with j f (x) - h(x)] < E f or all x in C’. Since C is weakly compact, it 
follows that f is bounded on C. Thus 
Thus Jcf h dp < Jcf h dh for all weakly continuous convex functions 
h on C’, so by Proposition 4.4, we have p < X on C’. But since C’ is 
weakly compact and weakly metrizable by [15, p. 112 and p. 1081 
there is a dilation T’ on C’ (C’ in the weak topology) such that 
T’(,u) = A. We must show that the dilations of [15] are dilations in the 
sense of this paper. By [6, Proposition 3.11 it suffices to show that the 
map x --+ J-f(Y) 4T’(~)l(Y) is norm-Bore1 for every bounded 
norm continuous function f on C’. By definition the map x -+ 
Jf ( Y> W’(xN Y) is Bore1 f or all weakly continuous bounded func- 
tions f on C. By taking sequential limits repeatedly we see that this 
map is Bore1 for all bounded weakly Baire (= weakly Bore1 = norm 
Borel) functions f on C’, and in particular for bounded norm-con- 
tinuous functions f on C’. Since C’ is a norm Bore1 subset of C, it 
follows that 
T(x) = /y ~th~~i~~ 
defines a dilation T on C. Evidently T(k) = A, so indeed p < h as 
was to be shown. 
176 BOURGIN AND EDGAR 
Added September 23, 1975. After this paper was written, we received a preprint 
entitled Reprhentation intigrale dam certains conoewes, by Jean Saint Raymond. It 
contains (Thtoreme 18) a proof of Theorem 1.1. Also, Theoreme 5 of that paper 
together with Proposition 2.14 of this paper show that the dilation ordering and the 
Choquet ordering are the same. (The method used in the proof of Proposition 4.4 
reduces the general case to the separable case.) 
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